SMOOTH SOLUTIONS TO A CLASS OF 
MIXED TYPE MONGE-AMPERE EQUATIONS 

QING HAN AND MARCUS KHURI 

Abstract. We prove the existence of C°° local solutions to a class of mixed type 
Monge- Ampere equations in the plane. More precisely, the equation changes type to 
finite order across two smooth curves intersecting transversely at a point. Existence 
of C°° global solutions to a corresponding class of linear mixed type equations is also 
established. These results are motivated by, and may be applied to the problem of 
prescribed Gaussian curvature for graphs, the isometric embedding problem for 2- 
dimensional Riemannian manifolds into Euclidean 3-space, and also transonic fluid 
flow. 



1. Introduction 

In this paper, we will study a class of Monge-Ampere equations of mixed-type. One 
source of interest in these equations arises from the equation of prescribed Gaussian 
curvature. Let u be a C 2 function defined in a domain £1 C M 2 and suppose that the 
graph of u has Gaussian curvature K{x) at the point (x,u(x)), x G £1. It follows that u 
satisfies the equation 

det£> 2 u = K(x)(l + |Z>u| 2 ) 2 . 

This equation is elliptic if K is positive and hyperbolic if K is negative, and hence is of 
mixed type when K changes sign. Another source of Monge-Ampere equations comes 
from the isometric embedding problem for 2-dimensional Riemannian manifolds into M 3 . 
See chapter three in [8] for details. In [22], Lin proved the existence of local isometric 
embeddings of surfaces into M 3 if the Gaussian curvature changes sign cleanly. In other 
words, the Gaussian curvature changes sign to first order across a curve. In this case the 
Darboux equation, a basic equation associated with the isometric isometric embedding 
problem is elliptic on one side of the curve and hyperbolic on the other. Such a result 
was generalized by the first named author in [5] and [6]. Recently, we [TTj discussed 
a case in which the Gaussian curvature changes sign in a more complicated way and 
proved the existence of sufficiently smooth isometric embeddings. For further results on 
this and related problems see [4]- [17], [21], and [22]. 

Mixed type equations also arise naturally in many other areas. Recently, there have 
been several survey articles on this subject. In [24], Morawetz gives a detailed account of 
the historical background and known results on mixed type equations and transonic flows. 
In [25], Otway presents a detailed review on mixed type equations and Riemannian- 
Lorentzian metrics. The most intensively studied equation of mixed type is the Tricomi 
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equation [26] 

liyy IJUxx — f • 

The plane is divided into two parts by the x-axis. The Tricomi equation is elliptic in 
the upper half plane and hyperbolic in the lower half plane. Many results have been 
obtained in various settings for this equation. Nonetheless, beyond the equations of the 
Tricomi family, the theory of mixed type equations is fairly underdeveloped. However 
this lack of development is not due to a lack of applications or well-motivated problems. 
Mixed type equations which change type in a way more complicated than that of the 
Tricomi case also arise naturally in many circumstances. For instance, as far back as in 
1929, Bateman [T] presented several models for the 2-dimensional motion of compressible 
fluids. One of these models is given by a class of elliptic-hyperbolic equations in the unit 
disk which change type in the following way. The unit disk is divided into four regions by 
two straight lines through the origin. These equations are elliptic in a pair of opposing 
regions and hyperbolic in another pair of opposing regions. (See figure 1 on page 612 in 

&■) 

In this paper, we study smooth solutions to a class of mixed type Monge-Ampere 
equations in the plane which change type in a way similar to that in |lj. The model 
equation has the following form 

(1.1) u xx u yy - ul y = (x 2 - y 2 )ip(x,y,u,u x ,u y ), 

where tp is a positive smooth function in B\ x K x I 2 . Here B\ is the unit disk in R 2 . 
We are interested in the question of whether or not (II. ip admits a smooth solution u, 
defined in some neighborhood of the origin. We note that (II. ip is a Monge-Ampere type 
equation of mixed type. The unit ball B\ C M 2 is divided into four components by 
i\ x \ = \v\}- The equation (jl.lj) is elliptic in {\x\ > \y\} and hyperbolic in {|x| < |y|}. 

The following result is a special case of a more general result that we will prove in 
Section [6l 

Theorem 1.1. Let ip be a positive smooth function in B\ x I x I 2 . Then there exists 
a smooth solution u of M-l}) in B r for some r S (0, 1). 

We should point out that x 2 — y 2 can be replaced by any function with a similar 
behavior, such as y 2 — x 2 . This is due to the invariance of the Monge-Ampere operator 
by orthogonal transformations. 

In order to prove Theorem 11.11 it is essential to analyze the corresponding linear 
equation. It turns out that it suffices to consider 

(1.2) u yy + (x 2 - y 2 )u xx = f. 

Again, the plane is divided into four components by {|x| = \y\}. The equation (II. 2p is 
elliptic in { | x \ > \y\} and hyperbolic in {|x| < |y|}. The lines of degeneracy {\x\ = \y\} are 
non-characteristic. Moreover, the boundaries d{y > \x\} and d{y < —\x\} are space-like 
for the corresponding hyperbolic regions {y > \x\} and {y < — \x\}, respectively. Hence 
equation (jl.2p is considerably more complicated than the Tricomi equation, however we 
are still able to establish the following theorem, which is a special case of a more general 
result proven in Section 
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Theorem 1.2. Let f be a smooth function in B\ C M. 2 . Then there exists a smooth 
solution u of in B\. Moreover, for any positive integer s, u satisfies 



where C s is a positive constant depending only on s. 

We point out that (|1.2j) is a small perturbation of the linearization for (jl.ip . at a 
suitably chosen approximate solution. It should be emphasized that the form of the 
degenerate coefficient x 2 — y 2 plays an important role in the solvability of (jl.2j) . If 
x 2 — y 2 is replaced by other quadratic functions, then it may not be possible to solve the 
new equation. For instance, the approach and methods used in this paper do not yield 
solutions of 



This equation is different from (jl.2p . in that f)l .4[) is elliptic in {\x\ < \y\} and hyperbolic 
in {|x| > \y\}. We note that the y-direction, which may be considered as the time 
direction, does not always point into the hyperbolic regions. In this sense, the linear 
equation (jl.2p is more rigid than the nonlinear equation (jl.ip . 

The proof of Theorem 11.21 consists of two steps. In the first step, we construct a 
smooth solution in the elliptic regions {\y\ < x} and {\y\ < —x}. This is achieved 
by solving the homogeneous Dirichlet problem. Such a solution then naturally yields 
Cauchy data for the hyperbolic regions along the lines of degeneracy. In the second step, 
we construct a smooth solution in the hyperbolic regions {y > \x\} and {y < — \x\}, by 
solving the Cauchy problem. The solution constructed in Theorem 11.21 vanishes along 
the degenerate set {|x| = |y|} n B\. It is clear from the proof in this paper that one can 
prescribe the solution arbitrarily (as a smooth function) on {\x\ = \y\} n B\. A similar 
idea was used by Han [7] in the discussion of higher dimensional Tricomi equations and 
related Monge- Ampere equations. 

The difficulty in solving both the Dirichlet problem in the elliptic regions and the 
Cauchy problem in the hyperbolic regions arises from two distinct aspects of this problem. 
First, the equation is degenerate on the boundary. Second, there is an angular point (i.e., 
the origin) on the boundary of each domain. 

Boundary value problems for (strictly) elliptic differential equations in domains with 
angular points have been studied extensively. The regularity results are in fact not 
encouraging. Well known examples of harmonic functions in sector domains demonstrate 
that these solutions are not necessarily smooth. Furthermore, in general, solutions of 
degenerate elliptic differential equations exhibit worse regularity than those of (strictly) 
elliptic differential equations. Hence, it seems unrealistic to expect, at first glance, that 
solutions of the degenerate elliptic equation studied here should be smooth in domains 
with angular points. However, it is precisely due to the degeneracy at the angular points 
that we are able to prove that the solutions have this high degree of regularity up to the 
boundary. The degeneracy plays an important positive role. In fact, we are not aware of 
any other cases where degeneracy actually improves the regularity. 

In contrast to the extensive studies of elliptic equations in nonsmooth domains, little 
is known about the Cauchy problem for hyperbolic equations when the initial curve is 
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nonsmooth. Our first task here is to prove that the Cauchy problem is well posed for 
(strictly) hyperbolic equations in domains whose initial curves contain angular points. 
Compatibility conditions are needed at the angular points in order to ensure the regular- 
ity of solutions. (See Lemma f3.3l for details.) As in the elliptic case, the degeneracy along 
the initial curve surprisingly plays a positive role in passing the existence and regularity 
result from strict hyperbolicity to degenerate hyperbolicity. In fact, it demonstrates that 
any such initial curve is space-like for the hyperbolic regions. This plays an important 
role in the proof of the well-posedness of degenerate hyperbolic equations in domains 
whose initial curves have angular points. 

This paper is organized as follows. In Section [2j we will construct smooth solutions 
for the Dirichlet problem in the elliptic regions and derive necessary estimates. Smooth 
solutions to the Cauchy problem for uniformly hyperbolic equations in domains with 
angular points on the boundary will be established in Section Estimates independent 
of the hyperbolicity constant will then be derived in Section 01 In Section [5j we will state 
and prove a general theorem of which Theorem 11.21 is a special case. Finally in Section 
O we will discuss a class of Monge-Ampere type equations and study the appropriate 
iterations to prove a result which generalizes Theorem II .li 

2. Elliptic Regions 

In this section, we will study a class of degenerate elliptic differential equations in 
planar domains with angular singularities. We will construct smooth solutions if the 
degeneracy occurs at angular points. 

For any k > 0, let C K be a cone in M 2 with vertex at the origin given by 

Ck = {(x,y);0 < \y\ < kx}. 
Let f2 K be a bounded domain in M? such that 

n K nB 1 = c k db 1 , 

and 

dft K \ {0} is smooth. 

Consider the equation 

(2.1) u yy + Ku xx + biu x + b 2 u y + cu = f in £l K , 

where K, 6j and c are smooth functions in £l K . In the following, we assume 

(2.2) K > in Q K and K = on dtt K n B 1 . 

There are two major difficulties in studying (12.1ft . First, (12 . 1 h is degenerate on a portion 
of the boundary dfl K n B\. Second, there is an angular singularity on the boundary. 
Usually, solutions of degenerate elliptic differential equations exhibit a worse regularity 
than those of (strictly) elliptic differential equations. It is well known that solutions of 
(strictly) elliptic differential equations in domains with angular singularities are in general 
not smooth. The regularity depends on the angle in an essential way; the smaller the 
angle, the better the regularity of solutions. However, it is entirely different for equations 
which are degenerate at angular points. In our case, we are able to construct smooth 
solutions of (|2.ip . Moreover, we can prove that any solutions of (|2.ip are in fact smooth 
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if its Dirichlet value on the boundary is smooth and satisfies a compatibility condition 
up to infinite order at the angular point. The degeneracy plays an important positive 
role in the proof of the smoothness of solutions at the angular point. 
We will prove the following result. 

Theorem 2.1. Let K,bi,c and f be smooth functions in Cl K satisfying §2.2\) . c < in 
tt K and 

(2.3) \bi\<C b (VK+\dxK\) inn K . 

Then \2.1\) admits a smooth solution in Cl K with u = on d£l K . Moreover, for any integer 
m > 1, u satisfies 

( 2 - 4 ) IMI# m (fi K ) < C m \\f\\ Hm +i(p, K ), 

where C m is a positive constant depending only on C b and the C m -norms of K, b{ and c. 

To prove Theorem l2.ll we regularize (|2.ip by replacing K by K+5 for any 5 > 0. Then 
the new equation is uniformly elliptic and hence admits a unique solution us £ Hq(Q k ). 
In order to pass limit as 5 — > 0, we need to derive estimates of u$ independent of 5. The 
condition (|2.3p is introduced to overcome the degeneracy of K along d£l K n B\. 

In the following, we consider 

(2.5) Cu = u yy + au xx + b\u x + b2U y + cu = f in Q K , 
where a, b{ and c are smooth functions in We assume 

(2.6) ao < a < 1 in Q K , 

for a positive constant do G (0, 1). 

It is obvious that (|2.5p is uniformly elliptic. Hence (|2.5j) admits a solution u £ Hq(Q k ) 
and classical results for uniformly elliptic differential equations on smooth domains apply 
in any subdomains of Q K away from the origin. Specifically, for any r £ (0, 1) and any 
k > 2, there holds 

ll' u ll// fe (Q K \ J B r ) - Cfc,r||/||iffe-2(n K ), 

where Ck, r is a positive constant depending on k, r, ao and C fc_2 -norms of a, bi and c. 
In general, Ck,r — > oo as r — > or ao — > 0. Therefore, we need to derive an estimate 
which is independent of the lower bound of a. Moreover, the regularity of u close to the 
origin needs special attentions. 

We first consider boundary points away from the origin. We set for any e > 

(2.7) D £ = {(x, y); |x| < 1, < y < e} C M 2 . 

We denote by d^D £ , dZ D £ and d v D £ the horizontal top, horizontal bottom and vertical 
boundaries respectively. By an appropriate transform, a neighborhood of any point on 
dVt K \ {0} is changed to D £ for an e > 0. We consider (I2.5P in D £ and assume 

(2.8) < C b (V^+\d x a\) inD £ , 

for some positive constant C b . 

Lemma 12.21 and Corollary 12.31 below provide energy estimates of solutions in narrow 
domains. 
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Lemma 2.2. Suppose 0,61,62 and c are smooth functions in D £ satisfying K2. 6\) and 
112. 8\) and u is a smooth solution of \2. 5\) with u = on d^D £ . If 

edc+l^cx,^) + \a xx \ L oo( De -) + ^i^l^oo^) + |62,2/|i°°(£) e ) + I) 5 < 1, 
then for any cutoff function (p = <p{x) on (—1, 1) 

^ ^ II^IIl2(d £ ) + \\<PUy\\L2(D e ) + \WVau x \\uz^ De) 

<Co(\\u\\ L2{d + De) + \\u y \\ L 2 {d + De) + \\^pEu\\ L 2 {De) + \\<pf\\vnp e )), 
where Co is a positive constant depending only <p, a,Cf, and the supnorm 0/62. 
Proof For convenience, we set 

(2.10) M = |c + | i oo( £ ) £ ) + \a xx \Loo( De ) + |6l,a;|z,oo(D e ) + \b2,y\L°°(D £ ) + 1- 

Multiplying (12. 5h by ip 2 u and integrating over D £ , we obtain 

(ip 2 ul + <p 2 au 2 x ) = (ip 2 auu x - ^(ip 2 a) x u 2 + ^ip 2 b 1 u 2 ) x 

u 2 



f 1 /"111 

(2.11) + / (<p 2 uu y + -(^ 2 6 2 u 2 ) 3/ + / Lp 2 {c + -a^ - -6i iX - -6 2>y ) 



+ / + + Wx{1a x - bi))u 2 - / <£ 2 ii/. 

We first note that there is no boundary integral over d v D E since (p = there and there 
is no boundary integral on d^D E since u = there. Next, we note that ip 2 < C^c/? on 
(—1,1) for some positive constant C«. Since a > in Z?i, we also have 

(2.12) \d x a\ < C a \fa in supp(/? x (—1, 1), 

for some positive constant C a depending only on suppc/? and the C 2 -norm of a. Then by 
(|2.8p . ()2.12p and the Cauchy inequality, we have 

(<pip xx + (p 2 x )a + ipip x (2a x - 61) < ip 2 + C (pa, 

where Co is a positive constant depending only on ip, C a and C^. With (|2.10p . we get 

„2„.2 1 ,„2„„.2\ I ,„2/ ,2 



{yfvZ + iprauZ) <C / <p z (u z + u*) + C <pau 2 

D £ ' Jy=e J D E 

+ M [ <p 2 u 2 + f <p 2 f 2 , 



where Co is a positive constant depending only 99, C a ,C and the supnorm of 62. A 
simple integration over y yields 



u (x,y) <y J u y (x,t)dt, 

and then 



2 2^-^2/ 22 

<P u < -e / p> u 

D e 1 JD £ 



(pau 2 
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By a simple substitution, we get 

J d (<p 2 u 2 y + ip 2 au 2 x ) < Co <p 2 (u 2 + v 2 ) + C J d 

+ l -e 2 M AJ + jf p 2 f 2 . 

With e\[M < 1, we then obtain 

/ (<p 2 u 2 y + <p 2 au 2 x ) <C { [ y 2 {u 2 + u 2 y ) + / pan 2 + [ <p 2 f 2 }, 

JD e Jy=e JD e J D E 

and hence 

/ (p 2 U 2 + p 2 U 2 y + ip 2 au 2 x ) <C { / <p 2 (u 2 +u 2 y ) + / <pau 2 + f p 2 f 2 }. 

JD E Jy=e JD e J D e 

This implies (|2.9p easily. □ 



Corollary 2.3. Suppose 0,61,62 c are smooth functions in D £ satisfying h2. 6]) and 
\2. 8\) and u is a smooth solution of \2. 5\) with u = on d~^D e . If for an integer s > 1, 

se(|c + | L oo( De ) + \a xx \ L oa( De ) + |6i i2 | L oo( De ) + |62 i2/ |l°°(d s ) + I) 5 < 1> 
i/ien for any cutoff function <p = (p{x) on (—1, 1) 

s+l 

(2.13) ||<HI/p(d £ ) < Cs(X) II^^Hl^o+d,) + \\ u \\^(D e ) + ll/llH s (£» e )), 

fc=0 

where C s is a positive constant depending on ip } Of, and the C s -norms 0/0,61,62 and c. 

We emphasize that C s is independent of inf a. 
Proof. We first claim for any integer s > 

\Wd s x u\\ L 2 {Ds) + \\tpd y d s x u\\ L 2 {Ds) + \\(py/ad^. +1 u\\ L 2 {De) 

<C(II^>IIl2(s+d s ) + \\ d y d x u h^d+D s ) + \\V^ d >\\L^D E ) 

(2.14) h h 

v ' s— 1 s— 1 

+ Yl y d x u h^D e ) + Yl \\P d V d x U \\L2(D e ) + \\<pd S x f\\ L 2 {De) ), 
k=0 k=0 

where C is a positive constant depending on (p, Cb and the C s -norms of a, 61, 62 and c. 

We first assume (pETI)) for any s > and prove ([235]) . By (j2~14"j) c _i and (pETI)) .,, with 
different cutoff functions, we obtain 

||^«||i2(£) e ) + H^ap^lbODe) 

s s 

<c( iidSib (a + De) + S ii^ 5 ^Hl2(9+d £ ) + HvW^r 1 ^b 2 (.De) 

fe=s— 1 fe=s— 1 

s-1 s-2 s 

+ I]llV^^IU 2 (-D e )+I]llV^^«IU 2 (Oe)+ llv^^/lli^De))- 
fc=0 fc=0 fe=s-l 
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Note by <|23|> 

dyyU = —ad xx u — b\d x u — b%d y u — cu + f in D £ . 

It is obvious that derivatives of u of order s can be obtained easily in terms of d x u and 
lower order derivatives of u. Hence we obtain 

s s 

Y ll^^n|| i2(De) < C( Y W d xU\\ L 2 {d + De) + Y W d y d xU\\ L 2 {d + De) 

i+j=s k=s—l k=s—l 

+ Y W^d x d y u\\ LHD£) + Y \\V^d x d y f\\ LHDs) ). 

i+j<s—l i-\-j<s 

This implies (|2.13p by a simple induction. 

Next, we prove (|2.14p . Applying d x to (j2.5|) . we get 

(2.15) d 2 d s x u + ad 2 x d s x u + hd x d x u + b 2 d y d s x u + cd s x u = f s , 

where 

61 = 61 + sa x , 

c = c + s(bi) x + ^s(s - l)a xx , 

and 

s-l s-l 

i=0 i=0 

where c s j is a positive constant for i = 0, 1, • • ■ , s — 1 with c Sj _2 = c s -\ = 0. Note that 
(|2.15p has the same structure as (|2.5p . So we can proceed as in the proof of Lemma 12.21 
to get an estimate of d x u. We only need to note that the corresponding coefficient for 
(p 2 (d x u) 2 , as compared with that for ip 2 u 2 in (|2.1ip . is given by 

c+ ^a xx - -bi tX - ^b 2 , y = c+-(s- l) 2 a xx + (s - -)h tX - -6 2i2/ . 

By Lemma 12.21 we have for e < (sy/M) -1 

\\fd^u\\ L 2 {Ds:) + \\fd y d x u\\ L 2 {D£) + \\fVad x +1 u\\ L 2 (D£) 

< C {\\ d x u \\ L 2(d+D e ) + W d y d x u \\tf(d+D E ) + \\V^ d x u \\^{D e )\\ + \Wfs\\L*{D e ))- 

With the explicit expression of f s , we get (|2.14p easily. □ 

Next, we study solutions in a neighborhood of the origin. We first recall some results 
for (strictly) elliptic differential equations in domains with an angular singularity on the 
boundary. Main references are [19], Chapter 4 and Chapter 5 in [3] or Chapter 6 in [20] . 

For any nonnegative integer m, define the space V m (C K ) as the closure of C^°(C K \{0}) 
with respect to the norm 



f r 2 ^ m \D a u\ 2 )- 



i2\ 1/2 

\u\\v^(c K ) ~ 1 1 ' ■■" 



|a|<m 
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To illustrate how the regularity depends on the angle of the cone, we consider 

Au = f in C K , 
^ 2 " 16 ) u = ondC K . 

Let k = tan(a/2) for an a 6 (0,7r). Obviously, u = r~ cos(7r9/a) is a solution of the 
homogeneous (I2.16p . It is easy to check that such a u is in V m (C K n Si) provided 

(m — l)a < tt. 

In general, the regularity u G V m (C K ) cannot be improved if (m—l)a/ir is not an integer. 
Hence solutions of (|2.16p exhibit a better regularity in smaller cones. This turns out to 
be a general result. 

We consider a slightly more general case. For a constant a > 0, we consider 

u yy + au xx = f in C K , 

^ 2 ' 11 > u = ondC K . 

By introducing 

x = yfas, y = t, 

we have 

u u + u ss = f in C^ K , 
u = on dC^ K . 

Lemma 2.4. Lei k, a > 5e constants and u 6 Hq(C k ) be the unique solution of {2.11 ) 
for an f € L 2 (C K ). TTien /or any integer m > 2 satisfying 

(2.18) 2(m — 1) arctan(-v/aK) < 7r, 

if f € V rn ~ 2 (C K ), then u is in V m (C K ) and satisfies 

\\u\\v m (c K ) < C||/llv m - 2 (c K )) 
where C is a positive constant depending only on m, a and k. 

Note that (|2.18p always holds for m = 2. 

Remark 2.5. If A2.18\) is violated, then u is not necessarily in V m (C K ). To illustrate 
this, we consider 112.16)) . or (2.11) with a = 1. We write k = tan(a/2) for an a £ (0, tt) 
and let m > 2 be an integer such that (to — l)a/w is not an integer. If f £ V m ~ 2 {C K ), 
then any solution u of i2.16\) admits a decomposition 

Cjr <^ cos h w, 

j 

where w G V m (C K ) and the summation is extended over all integer j in the interval 
(a/ iv, (to — l)a/ir). 



For solutions of (|2.5p . the regularity is governed by the corresponding result for the 
constant coefficient operator d yy + a(0)d xx . 
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Lemma 2.6. Let k be a constant, 0,61,62 and c be smooth functions in £l K satisfying 
\2. 6\) and u G Hq(Q k ) be a solution of \2. 5|) for an f G L 2 (0 K ). T/ien /or any integer 
m > 2 satisfying 

(2.19) 2(m - 1) arctan( v / o(0yK) < vr, 
if £f G V m ~ 2 (C K ), then nu is in V m (C K ) and satisfies 

IMIv™(c K ) < C(ll^lk 2 (Q K ) + ll£/llv™- 2 (e K ))> 

where £ and ij are two arbitrary cutoff functions in B\ with £ = 1 on the support of rj 
and C is a positive constant depending only on m, a(0), k, £ ; 77 and C m ~ 2 -norms of a, bi 
and c. 

Later on, we will only use the regularity assertion, instead of estimates, in Lemma 
12.61 Now we begin to derive estimates of u close to the origin independent of inf a. The 
main result for this part is the following lemma. 

Lemma 2.7. Let m be an integer, f E H m (C K n B\) and u be an H 1 -solution of \2. 23\) 
in C\ n B\ satisfying u = on 9 = ±q. Then there exist constants 5 m and K m such that, 
if k < K m and y / a(0)«; < 5 m , then u G H m (C\ D B\) and 

m+l 

(2.20) \\ u \\w"(c K n{x<±}) ^ c m{ Yl W Dlu h^c K n{x=^}) + ll/llfl*»(C„nfli))> 

8=0 

where 5 m is a positive constant depending only on m, K m is a positive constant depending 
only on the C 2 -norms of a, bi, c and C m is a positive constant depending only on the C m - 
norms of a, bi and c. 

We emphasize that C m is independent of inf a. The proof of Lemma [2.7l is complicated. 
We first establish some lemmas. 

Lemma 2.8. Let m be a nonnegative integer, 0,61,62 and c be smooth functions in S7 K 
satisfying \2. 6\) and u be an H 2 -solution of 112. 5\) with u = on dQ K n B\. Then there 
exists a positive constant rj m depending only on m such that, if 

(2.21) K 2 a(0) < Vm , 

then there exists a polynomial T , m(u) of degree m such that V m (u) = on d£l K n B\, any 
coefficient Ck in the homogeneous part of degree k, for any k < m, in Vmiu) satisfies 

\c k \<C k \ Da f(0)l 

\a\<k-2 

and 

C(u — P m (u)) = (m — 2)-th remainder of f — C(V m (u)), 

where is a positive constant depending only on S m , k, and the C k ~ 1 -norms of a,bi 
and c, and £ = (a — a(0))d xx + 61^ + 62^ + c. 

It is easy to see from the proof below that V m {u) is the m-th Taylor polynomial of u 
at if it is C m in a neighborhood of the origin. 
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Proof. We first consider the transform (x,y) t— >■ (x/n,y). Then (12. 5 p has the form 

u yy + n 2 au xx + nb\u x + 62% + cu = f in 

for a domain f2i C M 2 with OiflBi = Cxf\B\. In the following, we simply assume k = 1. 

Let £0 = dj/y + a(0)<9a;:z- We first note d x u(0) = d y u(0) = since u = on y = ±kx. 
Set 

n = V m (u) + 7£ m (u) = Q 2 H hQ m + K m (u), 

where is a homogeneous polynomial of degree /c for k = 2, ■ ■ ■ ,m, with Q2 = ■ ■ ■ = 
Q m = on (9ili n -E>i. Hence for k = 2, • • ■ , m, Qfc has the form 

fc-2 

<3fc = (x 2 - y 2 ) c k ^x k ~ 2 ~ l y l . 

Then 

C(n m {u)) + £ Q 2 + • • • + CoQm = f, 

where 

m 

f = f-(c-c ){r m (u))=f-Y,(£-£o)Qk- 

k=2 

Note that CoQk is a homogeneous polynomial of degree k — 2. We set 

(2.22) C-oQk = the (/c — 2)-th homogeneous part of /, for each k = 2, • • ■ , m. 

Then 

£(7^ m (n)) = (m — 2)-th remainder of / — (£ — £o)('Pm(^))- 
We claim that we can solve successively Q2 ; Q3r - ' ,Qm- In fact, a simple calculation 
shows 

k-2 

CoQk =J2(( k ~ *)(* " * " " (« + 2 K* + 1 )) c fc-2,i 

i=0 

fc-2 fc-4 

- Y,( k - 0(* - « - l)a(0)cfc_ 2 ,i-2 + $^(» + 2)(i + l)c fc _2,i+ 2 . 

2=2 4 = 

If we write (|2.22j) as a linear system for Ck-2,0, Ck-2,1, " " ' > c fc— 2,fe— 2: the (& — 1) X (fc — 1) 
coefficient matrix is obviously invertible if a(0) = and hence invertible if a(0) is small. 
It is easy to see that Ck-2,0-, Ck-2,1, ■ • • , Cfc-2,/c-2 solving f)2.22|) is a linear combination of 
D a f(0), \a\ <k. □ 

To discuss the regularity of solutions close to the origin, we need to consider (|2.5p in 
polar coordinates. We note 

x = rcos#, y = rsm9. 

It is easy to see that any D a u, for some \a\ = m, is a linear combination of 

1 



rd l r dgU, 1 < i + j < m, 



with coefficients given by smooth functions of 9. 
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In polar coordinates, (|2.5|) has the form 
(2.23) a n r 2 u rr + 2ai2ru r g + u ee + b\ru r + b 2 u e + cu = f, 

where 



an 



sin 2 9 + a cos 2 
cos 2 + a sin 2 6* ' 



(1 — a) sin # cos 9 

ai2 = T7T, ■ 2 n > 

cos z ft + a sm 6* 

~ _ cos 2 + a sin 2 6* + &ir cos + b 2 r sin 

cos z y + a sm 9 

~ —2(1 — a) cos 9 sin — b\r sin + cos 9 
02 = 



cos 2 9 + a sin 2 i 



2 

r c 



cos 2 + a sin 2 i 



and 



cos 2 9 + a sin 2 i 



Lemma 2.9. Let u be a C m -solution of 12.23]) . Then for any integer k, I with 1 < k + l < 
m 

m 1 m m—i 1 

where d m = anc? a// coefficients Ci , di and e%j are functions depending on derivatives of 
an, ai2, &i, 62 <zr«f c (wi/i respect to r and 9) up to the order m — 2. 

The proof is by a simple induction based on (|2.23|) and hence omitted. Therefore, in 
order to estimate D m u, we only need to estimate 

—^—dictu, < j < 1, < i + j < m. 

In the following, we assume k < 1 and consider (|2.5p in 

i? = {(x,y)Gfi K ;x<l/2}, 

or the equivalent ()2.23|) in 

= {( r , 0); < r < r(9), -a < 9 < a}, 

where a G (0, 7r/2) with tana = k and r = r(9) corresponds to x = 1/2, hence r(9) = 
1/(2 cos 9). 

Lemma 2.10. Let fj, be a positive constant and u be a C 2 -solution of \2. 5}) in R satisfying 
u = on 9 = ±a and 

Then there exists a sufficiently small k,q such that, if 

K(\a\ C 2 + l&ilc-i + |c| + 1)5 < k , 
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then 



f 



2 



-4 ' 



(2.24) I + -^( Ur sinO +-u e cos 9) 2 ) < C f (u 2 + u 2 ) + [ 

Jr rf~ 2 r J a + R J R 

where Co is a positive constant depending only on the C^-norm of a and the L°°-norm 
of hi. 

The proof is similar to that of Lemma 12.21 
Proof. We multiply (|2.23|) by —u/r^ and get by a straightforward calculation 

1 ,2axxuu r , ~ v u 2 s 

~ ol( rM -3 " ( 2 °i2,9 + ™n,r - (M - 3)a n - 6i) — ^ ) 

( 2 - 25 ) o~ £ 2 , 2 ~ 2 s 

,uu e 2a\iuu r b 2 u . I ,u g 2a 12 u e u r 2 , u u/ 

— 1 L H n(-7r H h aiiic) = A , 

where 

A =i (2ra 12 « r - 2(/i - 2)a 12) e + r 2 au, rr - 2(> - 3)ra n , r 
(2.2o) £ 

+ (jj, - 3)0* - 2)on - r6i jr + (/i - 2)6i - 6 2j e + 2c) . 

A simple calculation shows 

2ai 2 u e u r . 2 
— H h diitt r 

11 1 

= 7y— [iu r sin 9 H — tig cos #) 2 + a(u r cos 6* ug sin #) 2 ) 

cos 2 9 + a sin r r 

>(u r sin# H — ug cos #) 2 + a(u r cos 9 ug sin#) 2 = u 2 + an 2 . 

Now we integrate (|2.25j) with respect to rdrdO in 

Rr = {{r,9);f < r < r(9), -a < 9 < a}, 

for any f < 1/2. Since u = on 9 = ±a, there is no boundary integral on 9 = ±a. By 
the Cauchy inequality, we have 

,2 



where Co depends on the L°°-norms of ai2,e, ran f , an and &i. Next, we write 

,u 2 ul x I f a , u 2 u 2 



iin{r<i> v ^ r^-2^ y r y_ Q v rAt - 2 rAt -4^ 



• 2 

Then there exists a sequence r$ — >• such that 



II 2 1£ 2 

H M d6> as n -> 0. 



^ifji— 2 ^A 1 — 4/lr=rj 
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By taking r = — > 0, we have 

(2.27) j R JLtf + aul) < C l = Ju* + u 2 ) + j^A + 1)£ + / fl £ 

For any (r, 9) £ R, the corresponding (x,y) satisfies \y\ < kx and x < 1/2. Since 
u(x, —kx) = 0, we have 

/y 
u y (x,t)dt, 
-KX 

and 

/KX 
Uy(x, t)dt. 
-KX 

Note that x 2 < r 2 = x 2 + y 2 < (k 2 + l)x 2 . This implies 



An integration in i?, = {(x,y) G < 1/2} yields 



If « is small so that 

4kV + 1)^(|A|l~ + 1)<^ 

we then have by (|2.27p 



u2 + M ^ + ) < C [ (u 2 + u 2 ) + f ^ 



This implies (l2T2i1) . □ 

Lemma 2.11. Zei m be an integer and u be a C m+2 -solution of \2. 23\) in R satisfying 
u = on 6 = ±a and 

> -=7 :r < CO. 

Z / r 2(m— i) 

R i=0 
If 

(2.28) m«(|o|c2 + |6i| c i + |c|l°° + 1)5 < «o, 



then 



W> £ c ™ jL eW + / e (a;/)2 

i=0 i=0 J OvR i=0 JR i=0 

where kq is as in Lemma \2.10\ and C m is a positive constant depending only on the 
C m -norms of a, b{ and c. 



„2(m-i-2)+ ' 
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Proof. For any s = 0, 1 • • • , m, we apply to (I2.23|) to get 

ai 1 r 2 {d s r u) rr +2ai 2 r{d s r u) r e + {d s r u) ee + b^r(d*u) r + b^\d s r u) e 



(2.30) 
where 



+ c {s) d s r u = f {s) - d^ded^u, 



&i =b\ + s(ran ir + 2an), 

=b~2 + 2s(rai 2 ) r , 
c (s) =c + s5 r (r6i) + -s(s - l)(r 2 an) rr , 

J( s ) =sb 2l r + s(s - l)(rOi 2 )rr, 



and 



s-2 

/W =^(r 2 /) - ^ (2c Sii _ 1 9r i+1 (rd 12 ) + Cs^J^dg^u 

8=0 

s-1 

- ^ (c Sji _ 2 ^- i+2 (r 2 au) + c,, i -id'- i+1 (rb 1 ) + c^c)^ 

i=0 

where c Sj j is a constant depending only on s and i with c Sj _ 2 = c Sj _i = 0. Since (|2,30p 
has a similar structure as (|2.23p , we may apply Lemma 12.101 to (|2.30p • If 

r ^(d°u) 2 , {d s r +l u) 2 

JR 



and 

4k 2 (k 2 + l)^(|A,| L oo + |J (s) | L oo + 1) < ko, 

we obtain 

/ (^ + i(^sin0 + ^>co S 0) 2 ) 



7/2 r Jr ^ 

where A s is as A in ()2.26j) with dij ,bi,c replaced by a , b^ , . For each s = 0,1, 
we take [i = 2(m — s) and then obtain 

Jd+R Jr r^ m ~ s ) J R r^ m - s ) 



,m, 



Note that 



s-1 s-2 



(/») 2 <C S ( £ r 2 (-^ 2 )(^/) 2 + ^(a» 2 + ^(5 e 5» 2 ), 

i=«-2 i=0 i=0 



(2.31) , W + (d^uY) + i 
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where C s depends on the C s -norms of dij,bi and c. Hence we have 

j R + ^^T) + V>cos*) 2 ) 

/ V r 2(m-i-2) r 2(m-i) Z-^ r 2(m-i) )' 

JH i=s-2 i=0 i=0 

Now we claim for any = 0, 1 • • • , m 

, {d k r uf (ded^u) 2 , 

(2.32) fc+i „ fc /oj r\2 

< Ci( / 8+R D»» 2 +/ fi E^&^). 

Note that (f2732]) n is simply a part of (f!OT]) n. Now we assume that (|2.32[) holds for 
k = 0, 1, • • • , a < m - 1 and prove (12321) for k = s + 1. By p3I|> . and (l2T32]) n. • • • , 
(|2.32p ». we have 



jf ^TT) (^ +1 ^in0 + V>co S 0) ; 
Jd « -R i=0 " i=Q 



or 



+ c s { I £(a» 2 + / E 

./at a Ji? ~^ 



r 2(m-<-2)+ / ' 

i=0 



(2.33) f . k+i p k , dij .-> 

I at R j = o J R 

where we used | tan#| < tana = k for any \8\ < a. Next, by (|2.3ip c+ i and (|2.32p n. 
(|2.32p a . we have 

! -(d° +1 u) 2 <(s + l) 2 f -±—<d e d s r uf 



j,2{m— s— 1) » r ' v ' J ^ r 2(m—s) 

(2.34) s+2 s+i mi n2 

If *s(a + 1) < 1/2, (g33) and flSUP imply 

This, together with (12341 . yields ([232]) for A; = s + 1. □ 
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Now we prove Lemma 12.71 

Proof of Lemma \2.7\ We will only estimate the L 2 -norms of D a u for \a\ = m. We will 
first subtract a polynomial of an appropriate degree from u. By Lemma 12.81 if K 2 a(0) is 
small, we may find a polynomial P of degree m — 1 such that P = on dC K n Pi, any 
coefficient of degree fc, for k < m — 1, in P satisfies 

M<C fc ^ |P a /(0)|, 

|a[<Jfe-2 

and 

£(u — P) = fm = (m — 3)-th remainder of / — (£ — + a(0)9 xa: ))P, 

where Cfc is a positive constant depending only on S m , k, and the C m_1 -norms of a,bi 
and c. Then the Sobolev embedding theorem yields 

(2.35) \c k \ < C m 

Note that f m G V m ~ 2 (C K n Pi) and f (u - P) G P^(Pi) for any cutoff function £ in B x . 
By LemmaESl if k 2 o(0) is small, then u-P G V m (C K n Pi). By LemmaEHl if (p^HD 
holds, then 

" (d^-P)) 2 ^ (^.(n-P)) 2 

i=0 i=0 

, m {dUm? 



R 



<c m ^(a;(n-p)) 2 + / £ 

Jd v R i=Q JR i=Q 



_2(m-i-2)+ ' 



Now we apply Lemma \2M to £{u — P) = f m to get 

„ „ m+l „ m m—i—2 , rw aj /. \2 

/ E | D >-F)p< Cro (/ ' E^-^+AE E 

■ /ii |a[=m Jd vR i=0 JR i=0 j=0 

Then we obtain by (|2.35 j) 

m+l 

X] ll jDau llL 2 (c K n{x<|}) ^ °m{ Yl W Dlu h^c K n{x<l}) + H/llfr^CCnBo)- 

|a|=m i=0 

This ends the proof. □ 

Now, we are ready to prove Theorem 12.11 

Proof of Theorem \2.1\ We first note that c < in £l K . For any 5 > 0, we consider 

(2.36) Csu = u yy + (K + <5)-u xx + 6iti x + 62% + cu = f in f2 re . 

This is a uniformly elliptic differential equation in Cl K . Hence there exists a solution 
us G Pq(O k ). By the classical theory of uniform elliptic differential equations, we know 
u G C°°(0, K \ {0}) n C(Q K ). In the following, we derive estimates on us independent of 
5. For brevity, we simply write u = u$. 
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We first estimate u itself. We claim 

(2.37) M < C|/k°°(n K )- 

To see this, we set 

w ( y ) = e ad - e ay , 

where d is chosen so that d > y for any (x, y) 6 and a > is chosen so that £$w < — 1. 
Then ()2.37j) follows from a simple comparison of ±u with |/|L°°(n) u '- 

Next, we discuss derivatives of u. We note that (|2.36|) is elliptic in any subset 0,' of 
£l K away from the two rays 9 = ± arctan k. Then by the standard //'"-estimates for 
solutions of elliptic differential equations (e.g., Theorem 8.10 in [2]), we have for any 
m > 2 

( 2 - 38 ) \W\\h™(Q>) < C m (||n||i2 ( Q K) + H/llffm-a^), 

where C m is a positive constant depending on the distance between 90' and the two rays 
6 = ± arctan k, the ellipticity constant in Q! and the C m_2 -norms of K, hi and c. 

Next, we claim for any p £ dQ K n 3C K and any m > 1, there exists a neighborhood f7 
of p such that 

( 2 - 39 ) \\ u \\H m (unn K ) < Cmdl'wlk 2 ^) + ll/IU m (n K ))> 

where C m is a positive constant depending on the distance between U and the origin, 
and the C m -norms of K, bi and c. To see this, we introduce a transform which takes p 
to the origin, the ray 6 = arctan k or 9 = — arctan k to the x-axis, and a neighborhood 
of p in £l K to D £ = (—1, 1) x (0, e). By Corollary 12. 3| for any cutoff function (p = ip(x) 
in (—1,1) and any m > 0, there holds 

m+l 

\W u \\h™(D e ) < C m { H- C)fen lli2(g+ jDe ) + IMIl2( D£ ) + \\f\\H m (D e )), 
k=0 

as long as e is small. In fact, we may apply Corollary 12.31 in Dt = (—1, 1) x (0, t) for any 
t G (s/2,s) and then integrate with respect to f in (e/2, e). Then we get 

m+l 

ll^lk™(D e/2 ) < Cm( ll jDfcn lli 2 (0 £ \ J D e /2) + ll u IU 2 (-De) + ll/IU™(D £ ))- 

fc=0 

The first term in the right-hand side can be estimated by (12.381) . Hence, we get (|2.39l) 
easily for an appropriate U. We should note that U depends on m. It is obvious that U 
does not contain the origin. 

With (I2.38P and (12.39P and a simple covering, we obtain for any r > and 

( 2 - 4 °) \\ u \\H™(n K \B r ) < C m (\\u\\L2(n K ) + \\f\\H™(n K )), 

where C m depends only on r and the C m -norms of K, bi and c. We emphasize that C m 
does not depend on 5. 
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Next, we discuss the regularity of u in £l K n B r . We claim for any integer m there 
exists an e = e{m) such that if 5 < e 4 there holds 

m+l 

(2.41) \\u\\H™(n K n{x<e 5 /2}) < Cm( ^ \\D %u \\L 2 (il K n{x=e s /2}) + ll/lllf m (n K n{a;<£ 6 /2}))> 

i=0 

where C m is a positive constant depending only on m and the C m -norms of K, bi and c. 
To prove this, we set 

x = e 5 s, y = e 4 t. 

Then 

\y\ < ki <s> \t\ < ens. 
Let v(s,t) = u(e s,e t). Then v satisfies 

v tt + a s v ss + e 3 biv s + e 4 b 2 v t + e 8 cu = e 8 / in n B\, 

where as = (K + 5)e~ 2 and if, 6j and c are evaluated at (e 5 s,e 4 i). Note if(0,0) = 
and hence for (s,t) G fi £K n .Bi 

if(e 5 s,£ 4 i) < |£>tf| Loo \/e 10 * 2 +e 8 * 2 < £ 4 |^|l-- 

This implies 

(eK) 2 a,5(0,0) = k 2 5, 

and 

as < e iZJ-fiTkoo H — ^ in f2 £K n Bi. 

Now we take e small so that ke 2 < 5 m and K£ < K m , where 5 m and K m are as in Lemma 
[2771 Then if 5 < e 4 , Lemma O implies u G H k {VL £K ) and 

m+l 

(2.42) ||u||_H-m(n £ren { s<1 / 2 }) < C m ( ||-D*«||L2(n SK n{a=i/2}) + ll/ll#™(fi £K n{s<i/2}))> 

i=Q 

where C m is a positive constant depending only on m and the C m -norms of K, bi and c. 
Obviously, (|2.42p implies (|2.4ip . With a similar trick, we then get 

m+l 

(2.43) |M|ffm(n re n{a;<e s /2}) - Cm[ ^ 1 1 I i 2 (f7 K n{s 5 /2<x-<e 5 } ) + \\f\\H™{n K n{x<e 5 })) ■ 

i=0 

With (|2.4Up and (|2.43|) . we conclude the following result: For any integer m there 
exists an e = e(m) such that the solution us of (|2.36|) with us = on 9f2 K for 6 < e 4 
satisfies 

ll n <5||// m (n K ) < Cm(||«||ia(n K ) + ||/||ff"*+i(n K ))> 
where C m is a positive constant depending only on m and the C m -norms of K, bi and c. 
With (|2.37p and the Sobolev embedding theorem, we obtain for any m > 1 

lk<5||_H"'"(Q K ) < Cm 11/11 /r™+i(n re )- 
It is easy to get a sequence of 5 — > and a tt G n^ =1 .ff m (f2 K ) n Hq(Q k ) such that 

us ^ u in H m (Q K ) for any m as 5 — )• 0. 
Therefore, u is a solution of (|2.ip and satisfies u = on <9f2 K and (|2.4|) . □ 
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Remark 2.12. It is clear that Theorem \2.1\ still holds i/0 K is replaced by ^ KliK2 with 
the property that d$l KljK2 \ {0} is smooth and that in a small neighborhood of the origin 
dfl KltK2 is given by smooth functions y = k\(x) and y = K2(x) over a small interval 
[0,d] with ki(0) = ^2(0) = and K^(0) > > k' 2 (0). To see this, we simply note that 
there exists a smooth transform in Sl K1)K2 such that F(p, KlK2 n U) = C K C\V for a positive 
constant k and neighborhoods U and V of the origin. 

Remark 2.13. We also note that c < can be replaced by c < e for e > sufficiently 
small. This is standard for elliptic differential equations. 

3. The Cauchy Problem in Non-smooth Hyperbolic Regions 

In this section, we will discuss Cauchy problems for hyperbolic equations in M. 2 when 
the initial curve has an angular point. We will discuss uniformly hyperbolic equations 
here and treat degenerate hyperbolic equations in the next section. 

It is well known that the Cauchy problem for linear hyperbolic differential equation 
is well-posed in a domain whose boundary is a smooth non-characteristic curve. A 
standard example of such a domain is the upper half plane. However, we cannot apply 
directly results for smooth domains to non-smooth domains. In this section, we will 
prove by hand the existence of solutions of Cauchy problems for hyperbolic equations 
if the initial curve is not smooth and has an angular point. The method is based on 
energy estimates and is particularly designed for non-flat domains. The regularity of 
these solutions depends essentially on a class of compatibility conditions of Cauchy data 
and nonhomogeneous terms at angular points. 

Throughout this section, we fix a function y = k{x) on R with k(0) = satisfying 

y = k{x) is Lipschitz in K and smooth for any i^O, 

and 

y = k{x) is strictly decreasing for x < and strictly increasing for x > 0. 

Hence for any r > 0, k(x) = r has two roots, one positive and one negative. An 
important example of such a function is given by y = k\x\ for a positive constant n. 
For a fixed positive constant yo, we set 

^,j/o = i( x , y)> K ( x ) < y < vo}- 

For brevity, we simply write f2 instead of £l K ,y - We denote by db^l and dt^l the bottom 
and top boundaries of £1, i.e., 

d b Q = {(x, y); y = n(x) < y }, d t tt = {(x, y); k(x) <y ,y = y }. 

In the following, we consider 

(3.1) Lu = u yy — (au x ) x + b\u x + &2% + cu = f in 0, 
where a, bi, 62 and c are smooth functions in Q, satisfying 

(3.2) a > ao in Q, 

for a positive constant oq. Obviously, y = k(x) is space-like if 

(3.3) ok 2 x < 7]o on db$l, 
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for a constant 770 £ (0, 1). Our goal is to prove that the Cauchy problem of (13. II) in n 
is well-posed for Cauchy data prescribed on d^Q. We point out that c\n, as an initial 
curve, is not smooth and has an angular point. 

For any nonnegative integers m > I, we define H^ m ' l \n) (H^' l) (fl)) to be the closure 
of all C°°(Q) functions (which vanish to all orders at d^fl), in the norm 



r 1 m-j 

U= / EEW 2 

Jn j=0 i=0 



Obviously, the usual Sobolev space H m (VL) is a subset of H^ m ' l \Vt). The L 2 (tt) inner 
product will as usual be denoted by (•,•). A simple calculation shows that the formal 
adjoint L* of L is given by 

L*u = u yy - (au x ) x - (hu) x - (b 2 u) y + cu. 

It is convenient to first establish an existence result for (|3.ip with homogeneous Cauchy 
data and with / vanishing to high order on c^n. 

Lemma 3.1. Let m be a positive integer, a G C m+1 (£l) and 61,62,0 6 C m (£l) satisfying 
113. j|) and 113. 3\) . Then for any f 6 Hq™'°\q,), there exists u«£ satisfying 

(3.4) (u, L*v) = (/, v) for any v G C°°(n) u = v y = on <9 t n. 

We note that (j3.3|) holds automatically for arbitrary nonnegative a if d^Cl is a horizontal 
line, i.e., n = 0. It is clear from the proof that 770 in (j3.3[) is allowed to be 1 in Lemma 
IO 

Proof. Let C°°(S1) consist of all C°°(f2) functions v with v = v y = on c\n. We consider 
a fixed v £ C°°(Q). For a large constant A to be determined, we consider 

m 

^(-i) s a-^v = ^ inn, 

s=0 

<p = ... = d™- 1 !? = on d 6 n. 

This is a boundary value problem related to an ODE for each y £ (0,yo), and therefore 
the theory of such equations guarantees the existence of a unique solution ip G C 2m (n). 
Set 

w(x,y) = e t ip(x,t)dt. 

J k\x\ 

Then w satisfies 

m 

Y,{-^) S ^ S dl s (e- x y W y) = v in n, 



(3.5) 



=0 



w = w v = d x w y = ■ ■ ■ = d™ l w v = on df,Q. 



J v 

We note that w satisfies extra boundary conditions 

(3.6) d x d v w\ db n = 0, for i + j < m. 
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To see this, we simply differentiate w = along c^fi to get 
(3.7) n 2 w x — n\w y = on 

where {n\,n 2 ) is the outward unit normal vector of d^. With w y = on c^fi, we get 
easily w x = on d^Vt. A simple induction argument then yields (|3,6p . We note that 

(m,n 2 ) = 1 (^,-1). 



By taking A sufficiently large, we claim 

m 

(3.8) (Lu,, ^(-^'A-^-Ce-^)) > C[|^[|2 m+11) , 

s=0 

where C is a positive constant depending on m, ao, the C m+1 -norm of a and the C m - 
norms of 61,62 and c. To prove this, we integrate by parts each term in the left hand 
side of (|3.8|) repeatedly with the help of (|3.6|) . First for 1 < s < m, we have 

(w yy - (aw x ) x , {-l) s e~ Xy dl s w y ) 

= ( e~ Xy d s x d 2 wd s x d y w + I e~ Xy d s x +1 w y d s x {aw x ) - 5 sm I e' Xy ' d s ~ x d yy wd s x d y wn x 
Jn Jn Jan 

e- x y(\\{d s x d y wf + h\a - a y )(d s x +1 wf - d^dywd^ C l s d x ad s x +1 ^w)) 
' i=i 

r Xy {~a(d s + l w) 2 n 2 + \(d s x d y wfn 2 - S^d^dyywd^dywm), 
and 

{b x w x + b 2 w 2 + cw, {-l) s e- Xy d 2 x s w y ) 

= I e~ Xy d x {b 1 w x + b 2 w y + cw)d s x d y w. 
Jn 

For s = 0, we simply have 

f 1 1 

(Lw,e~ Xy w) = / e~ Xy (-Wy + -(Act - a y )w 2 x + (b\w x + b 2 w y + cw)w y ). 
Jn * * 

By taking A large enough and using a Poincare type inequality to estimate ||w||i,2(q), we 
obtain 



/ < 



(Lw,Y,(-l) S ^ S e- Xy d 2 x s w y ) > C\\ W f {m+1>1) 

e-^il-aid^w) 2 ^ + \{d™d y w) 2 n 2 - d^dyywd^dywm), 



s=0 
+ \-' m 

where A and C are positive constants depending on m, ao, the C" n+1 -norm of a and the 
C m -norms of b\,b 2 and c. Note that the boundary integral is nonnegative on dt^i. We 



A CLASS OF MIXED TYPE EQUATIONS 23 

now study the boundary integral on d^Q. We first note d™~ l d y w = d™w = on db^l by 
(]3.6p . Then by an argument as similar as in proving (|3.7p . we have 

n x d™- x dyyw - n 2 d™d y w = 0, md™d y w - n 2 d™ +1 w = on d b Cl. 



It follows that the boundary integral on c^Q is given by 
i an 



e - x y(-a(d™ +1 w) 2 n 2 + -(d™d y w) 2 n 2 - d™" 1 d yy wd™ dyWm) 



-. if e-*(a^-l)(8?a u w) 2 n 2 = \ I e- x y{a K l-l)(d™d y w) 2 n 2 . 
1 Jan n 2 1 Jan 

This is nonnegative by (|3.3p and n 2 < on c^O. Then (|3.8p holds. 
Next we claim 

(3.9) || 

w ll(-m,0) — Cll^ll (m+1,1) • 

Here || • ||(_ mj o) i s the norm on the dual space H^ b m '°\Q,) of H^'^^Q,). This dual space 
may be obtained as the completion of L 2 (Q) in the norm || • ||(_ m )- To get (]3.9p . we 
simply note 

!(«,*)! 



\ v \\(-m,o) = sup 



1 i K ) i 

06 

/ - i \s\-sq2s( -\y 



qim |(Er=o(-l) g A-^(e-^),z)| 
- SU P n— n < ^ iFll (m+i,i)- 

*etf&*' 0) (n) Fll(m,0) 

Now, a simple integration by parts yields 

(w,L*v) = (Lw,v) for any v G C°°(fi). 

By (|3.8p . we obtain 

IIHI(m+lT)l|£*«ll(-m-i-l) > (w,L*v) = (Lw,v) 

m 

= (Lw,Y,(-^) S ^ S d 2 x s (e~ x yw y )) > C\\w\\ 2 m+1A) , 

s=0 

and hence with (|3,9p 

(3.10) \H { -m,0) < CH^ull^!,.!) for any v G C 00 ^). 

Consider the linear functional F : L*C°°(ft) — > M. given by 

F(L*v) = (f,v). 

By (j3~T0|) . we have 

|-F(£*«)| < ||/||(m,0)IMI(-m,0) < C||/||(m,0)[|^*v||(-OT-l,-l)- 

Hence F is a bounded linear functional on the subspace L*C°°(r2) of H^ 171 l ' ^(fi). 
Thus we can apply the Hahn-Banach Theorem to obtain a bounded extension of F 
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defined on H ( ~ rn ~ l '~ l) (ft) such that ||F|| < C||/|| 

(m,0)- It follows that there exists a 

u G H^ +1A \fl) such that 

F(z) = (u,z) for any z G F^ m_1 '" 1) (0). 
Now restrict z back to L*C°°(Q) to obtain (pT4|) . □ 

Next, we discuss the regularity of solutions in Lemma 13.11 in usual Sobolev spaces. 
The Sobolev space of square integrable derivatives up to and including order m will be 
denoted by H m {ti) with norm || • and the completion of C°°(^) functions which 
vanish to all order at d^Sl in the norm || • || m will be denoted by HJ^{Q). 

Corollary 3.2. Under the hypotheses of Lemma \3.1[ if f G H^(0,), there exists a unique 
solution u G H™ + \n) of 

Proof. Obviously, H™(Q) C H^'°\n). Let u G be the function given in 

Lemma 13. II so that (|3.4p holds. 

We first consider m = 1. By u G H^' 1 ^^), we have u,u x G H 1 ^) with u = u x = 
on d^Vi in the L 2 (<9;,f2) sense. We integrate by parts to obtain 

(3.11) - (u y + b 2 u, v y ) = (/ + (au x ) x - b\u x + (6 2 ,y - c)u, v) for any v G C°°(0). 

A standard argument using difference quotients in the y-direction implies (u y + b 2 u) y G 
Lf oc (n) and 

(n^ + b 2 u) y = f + (ati^ - + (6 2 , y - c)u. 
Then u TO G L 2 oc (f2) and 

■u ra — (au x )a; + b\u x + b 2 u y + cu = f in f2. 

This implies easily that u ra G L 2 (f2) and hence u G H 2 (Q). An integration by parts 
of (|3.1ip then yields u y = on c?f,S7 in the L 2 (<9f,f2) sense. Last, by u = |Vu| = on 
d b n = 0, (|32|) with m = 1 yields 

l 

(Ln,^(-l) s A-^ 2s (e- A %)) > C||n|| 2 2il) , 

from which the uniqueness follows. 

Now we assume m > 2. We already proved that u G H 2 (Q) and that (JSHD holds. We 
need to prove 

d x d y u G L 2 (f2) for any i + j < m + 1, 

and 

dj.djjula^ = for any i + j < m. 

This follows easily from ([XI]), n 6 F^ +1,1) (0) and / G D 

Corollary [221 yields the existence of a regular solution of ([3.1 p for homogeneous Cauchy 
data and / vanishing to high order on c^il. However, our main concern is to solve (|3.1|) 
for general / and Cauchy data 

(3.12) u = if, u y = ip on <9ftf2. 
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Since d b £l has an angular point at the origin, there is a natural compatibility condition 
which we will derive next. As d b Vt is the graph given by y = k(x) over M, we may assume 
f and ip are functions of x G R. 

Lemma 3.3. Let m > 2 be an integer and f G C(d b n) n C m (d b £l \ {0}), ^ G C{d b 9) n 
C^ -1 ^ \ {0}) and / G C7 m " 2 (^). 5uppose fE| is satisfied. Then there exists a 
u G C m (ft) sitc/t i/iat 

(3.13) u = if, u y = and d a (Lu — f) = on d b Q., 

for any \a\ < m — 2 if and only if there hold compatibility conditions Ci(f,tp,f) for 
i = 1, • • • , m. 

The compatibility condition Ci(f, ip, f) is imposed on (one-sided) derivatives of f, ip, f 
and k up to order i at the origin. The formulation of such a condition will be given in 
the proof below, from which it is clear that C m (if,ip,f) makes sense for f G C{d b Q) fl 
C m (d b n \ {0}), V G C(d b Q) n C™- 1 ^ \ {0}) and / G C7 m " 2 (0). 

Proof. First, we assume there exists a function u G C 1 (j7) satisfying f)3. 12|) . Then a 
simple differentiation yields 

u x + k x -u<, = f x on <9 6 Q \ {0}, 

or 

u x = fx ~ k x 4> on d b Q \ {0}. 
Letting x —> 0+ and x —> 0— , we have a compatibility condition 

</>*(0+) - M0+)V(0) = ^(0-) - ^(0-)V(0), 

or 

(3.14) V(0)M0+) - « a (0-)) = ^(0+) - ^.(0-). 
If dSHD holds, then 

K a: (0+)^(0-) + «a,(0-)^(0+) 



1^(0) 



«*(0+)-k*(0-) 



It is easy to check that for any cp G C{d\£l) D C^c^fi \ {0}) and V £ C((9fef2) satis- 
fying (|3.14p . there exists a u G C 1 (fi) satisfying (j3.12|) . We denote by Cx(<p,ip,f) the 
compatibility condition (|3.14|) . which in fact is independent of /. 

The discussion for higher order derivatives is more complicated. For an integer m > 2, 
we assume we already derived Ci(ip, ip, f) for i = 1, • • • , m— 1. Now let u G C m {Ct) satisfy 
()3.13p . For any multi- index a G 71?+ with \a\ = m — 2, a simple calculation yields 



d^d^u(p) 



a 2 (p)d x n u(p) + • • • if «2 is even, 



a 2 (p)d x n d y u(p) H if «2 is odd, 



where • • • denotes a linear combination of derivatives of u at p with order < m — 1 and 
derivatives of / at p with order < m — 2. Now we apply <9™ to u = f and d™ -1 to 
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u y = ip and evaluate at p G dbU \ {0}. Then we get on db& \ {0} 

m 

Lj m K x°x °y u \p — </> H > 

i=0 

m— 1 

£ cl-i^r 1 ^ 1 ^ = + • • • 



i=0 



where • • • denotes derivatives of u at p with order < m — 1. By a simple substitution of 
d a u{p) with a 2 > 2, we obtain at p G \ {0} 

( £ cKV)0>+( £ ^ +1 ^+i a ^ r i 5yn = ^M + ... } 

0<2i<m 0<2i+l<m 



0<2i+l<m-l 0<2i<m-l 



where • • • denotes a linear combination of derivatives of u at p with order < m — 1 and 
derivatives of / at p with order < m — 2. This is a 2 x 2 linear system for d™u{p) and 
d™~ 1 d y u(p). A straightforward calculation shows that the determinate of the coefficient 
matrix is given by 

(1 — CLK 2 )™ 1 \p, 

which is nonzero by f|3. 3|) . This implies that d™u and d™~ 1 d y ii, and hence all other 
m-th order derivatives of u, at p G dbQ \ {0}, can be expressed as a linear combination 
of <p( m \p), ^ m ~ 1 \p), derivatives of u at p with order < m — 1 and derivatives of / at p 
with order < m — 2. Now we consider p = 0. In this case, there are four linear equations 
for <9™-u(0) and d™~ 1 d y u(0) arising from x — > 0+ and x — > 0— . This implies that 
there are two compatibility conditions similar to (|3.14p involving (p^(0+), c^ m )(0— ), 
^(m-i)(0+), ^(ro-i)(o_) 5 kW(o+) andAsW(O-), i= 1, ■ • • ,m. We denote by C m (<p, ip, f) 
this compatibility condition. If C m ((p, ip, f) is satisfied, then (9™u(0) and d™~ 1 d y u(0), and 
hence all other m-th order derivatives of u at 0, can be expressed as a linear combination 
of ip( m \0+), <^ m )(0-), V (m_1) (0+), ^ (m_1) (0-), derivatives of it at with order < m-1 
and derivatives of / at with order < m — 2. □ 

Now we are ready to solve the Cauchy problem (|3.ip and (|3.12p . 

Theorem 3.4. Let m > 2 be an integer and ip G H m+l {dbQ), ip G H m {db^l) and 
f G H m (Vt). Suppose $3.2$ . $3. 3\) and Ci(ip,ip, f), i = 1, ■ ■ ■ ,m, are satisfied. Then the 
Cauchy problem 113. 1]) and l\3.12\) admits a unique solution u G H m (Q). Moreover, 

(3-15) \\u\\m,n < C(\\tp\\ m+ljdb n + H^IL^n + l|/l|m,n), 

where C is a positive constant depending only on m, do, t]q, the C m+1 -norm of a and 
the C m -norms 0/61,62 and c. 

Here and thereafter, we denote by || • \\ m> a and || • Hm^o the if m -norms in fi and c^il 
respectively. 
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Proof. By the Sobolev embedding, we have cp G C(d b n) n C m (d 6 ft \ {0}), V G C(<9 fe ft) n 
C m_1 (3bft\{0}) and / G C m_2 (ft). Hence the compatibility condition Ci(ip,ip,f) makes 
sense for i = 1, • • • , m. By Lemma [3. 3 ( there exists a i> G C m (ft) such that v = ip, v y = 
and <9 Q (/ - Lu) = on d b Q for any \a\ < m - 2. This implies / - Lv G H^ -1 (ft). By 
Corollary 13.21 there exists a u> G -ff^(ft) such that Lw = f — Lv. Then u = u + is a 
required solution. 

We note that (j3. 15|) is the classical energy estimates. The proof is identical to that 
for Cauchy problems with the initial curve as the x-axis. For example, the i? 1 -estimate 
is based on integrating the product of (|3.ip and u y . We omit details. □ 

In this paper, we only need the existence part in Theorem 13.41 The estimate (|3.15|) 
depends on the lower bound ao of a and is not sufficient for our application. In the next 
section, we will derive an estimate independent of ao under extra assumptions on a. 

4. A Priori Estimates in the Hyperbolic Regions 

In this section, we will derive estimates of the solutions established in the previous 
section which are independent of the hyperbolicity constant. Such estimates will enable 
us to establish the existence of solutions to the Cauchy problem for degenerate hyperbolic 
equations when the initial curve has angular points. 

Let y = k{x) and f2 C M 2 be as defined in the beginning of Section [3j We consider an 
equation of the following form 

(4.1) Lu = u yy — aKu xx + b\u x + biu y + cu = f in £1 
with the Cauchy data 

(4.2) u = tp, u y = ip on <9fcO, 
where a, b\, 62 > c and K are smooth functions satisfying 

(4.3) A < a < A in O, 

(4.4) < K < 1 in O, 
and 

(4.5) \h\ < C b (VK + \K X \) in ft, 

for positive constants A < A and C b . We always assume that d b £l is space-like, i.e., 

(4.6) oKkI < vo, 

for a constant 770 G (0, 1). In the following, we also assume 

(4.7) K 2 X < C 2 K K y in ft, 
and 

(4.8) (y-K(x)) d <C K K(x,y) for any (x,y) G ft, 

where Ck is a positive constant and d is a positive integer. Note that (|4.7p implies in 
particular K y > 0. 
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Here, K is allowed to be zero along <9&f2. If this happens, (14. ID is degenerate there 
and (|4.6j) holds automatically. Conditions (14. 51) . (14. 7ft and (|4.8p are introduced to over- 
come the degeneracy. The condition (14. 8ft of the finite degree degeneracy is essential 
in our arguments. It is not clear whether results in this section still hold without this 
assumption. 

An example of O and K is given by 

& = {(x,y); \x\ < y < l}, 

and 

K(x,y) = y 2 - x 2 . 

Obviously, (14. 7D and (14. 8h are satisfied for k(x) = \x\ and d = 2. 

Our intention is to derive energy estimates. We first derive an estimate on i? 1 -norms. 

Lemma 4.1. Let a, &i,&2> c and K be C d -functions in Q satisfying fl^.,j?| )- J^T5| ) and u be 
an H d+3 -solution of g^-g^f for ip G H d+2 (d b Q), ip E H d+1 (d b Q) and f G H d+1 (n). 
Then 



(4-9) |M|i, n < C(||<p|| d+2An + U\\ d+ i, db n + 



d+i.n. 



where C is a positive constant depending on X, A, Cb, Ck, Vo and the C d -norms of 
a, b\, 62, c and K. 

We note that (|4.9p exhibits a loss of derivatives and such a loss depends on the degree 
to which coefficients degenerate along the boundary. 

Proof. Multiplying 2e~' xy u y /K to (g3D, we get 

2 2 

+ au 2 x )) - 2d x (e-^au x u y ) + ^(/i + + - ^)au* 



w if ^ST i<C if 

By combining with 



we obtain 



n|2 ^2 

a y (e-^(- + ^ + <m*)) - 2d x (e-^au x u y ) 



owe 



(4.10) 



_ 2e-^6 2 ^ + 2e-"»(l - c)^ + 2e~™^-. 

K K K 
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We point out again that d y K > by (14. 7p . We first consider the second term in the 
right hand side. By (14. 5j) and (|4.7j) . we have 



By the Cauchy inequality, we get 



M<c t (c K 7f+i). 



\le K u x u y \-\2e u x \ < e ^ ^ + £ U x j 



<e^(2^(C|§ + l).| + ^.), 

for any e > 0. By choosing e > small enough and applying the Cauchy inequality to 
other terms in the right hand side of (j4.10|) . we obtain 

iP 1 u 2 

d y (e-w(— + + aul)) - 2d x {e-^au x u y ) 

II 2 u 2 f 2 
+ (/x - M )e-™(- + ^ + at£) < 

where fio is a positive constant depending only on inf a, |a|c-i, I62IL 00 ) |c|l°°, C\, and Ck- 
By a simple integration, we have 

•» 2 . «2 2, , A _-»„/ 2 



+ / T 5 + 17 + + 2aK x u x u y ), 
Jd b Q V 1 + K x X 

where the integral over c^Q, having the correct sign, is already dropped. By the Cauchy 
inequality and (|4.6p . we get 

ii 2 ii 2 
2a\K x u x Uy\ < — + clKk x ■ au x < — + au x . 
K K 

Therefore, by (14. 3p and taking [i large enough, we obtain 

We should note that the boundary integral in the right hand side of (|4.1ip makes sense 
only when u = u y = on db^i if K = on <9&f2. 

To eliminate 1/K from the right-hand side of (|4.1ip . we introduce an auxiliary func- 
tion. It is easy to see that there exists a v G -ff rf+2 (f2) such that 

D a u = D a u on c^fi for any \a\ < d + 1, 

and 

(4-12) NU+2,n<C \\D a 

\a\<d+2 
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Obviously, v satisfies 

v = ip, v y = ip on 

and 

(4.13) d y {f -Lv) = on d b U, for any % = 0, 1, ■ ■ ■ , d - 1. 

Then we have 

L(u — v) = f — Lv in Q, 
u — v = 0, (u — v) y = on db$l. 
By applying (I4.11j) to u — v, we obtain 

(4.H) / ( (^ + (irf +K _ %f) < c /(i^)!. 

With (fO|) . we have 

(/ - L«) 2 



A" 



(4.15) / (u 2 + ul + ul)<C ! (v 2 + vl + vl)+C I 
Jn Jn Jn 

Next, we eliminate the factor 1/K in the last integral in (|4.15j) . With (14.130 and (14. 8p . 
a simple calculation yields 

((/ - Lv){x,y)f < {y-K(x)) d £ ^ (d}(f - Lv)(x,t)) 2 dt for any (x,y) G ft, 

and 

/ (/ \ LV)2 <C f (d d y (f-Lv)(x,s)) 2 <C(\\f\\ d , n + \\v\\ d+2 , n ) 2 . 
Jn A Jn 
Hence, we obtain 

(4.16) ||u||i, n < C\\v\\ d+2> u + C\\f\\ d>n . 
With the help of (|4.12p . ()4. 1[) and the trace theorem, we get 

IMU+2,n < C ||-D a u||oA^ 

H<cZ+2 

<C(||^||d+2An + H^lldH-iAO + \\f\\d,a b n) 

<C(\\(p\\d+2,a b ci + \\M\d+i,d b n + \\f\\d+i,n), 

where C is a positive constant depending only on the C rf -norms of a,b\,b2,c and K. 
This implies (|4.9|) easily. □ 

Remark 4.2. is clear that we have 
(4-17) 

J q + (% ~ Vy)2 + («, - ^) 2 ) < C(M d+2>db n + M\ d+1>db n + ||/IU+i,q) 2 . 

This will be used in the proof of Lemma \4-3\ below. 
Next, we derive estimates of derivatives of u. 
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Lemma 4.3. For an integer m > 1, let a, 61,62,0 and K be C m+d ~ 1 -functions in 
satisfying (£3p-(£|p and u be an H m+d+2 -solution of gJjj-g^j for if G H m+d+1 (d b Q), 
i> G H m+d (d b £l) and f G H m+d (Q). Then 

( 4 -!8) \\ u \\m,n < C(\\ip\\ m+d+1)db Q + \\lp\\ m +d,d b n + ||/||m+d,n), 

where C is a positive constant depending on A, A, C b , Ck, Vo an d the C mJrd ~ 1 -norms of 
a, 61,62, c and K . 

Proof. We prove by induction. We note that Lemma 14.11 corresponds the case m = 1. 
Let s be a positive integer < m — 1. Apply d x to (|4.ip to get 

(4.19) L s (d s x u) = f s , 

where 

s(s — 1) 

= d yy - aKd xx + (61 - s(aK) x )d x + 6 2 <9y + (c + sb± :X (aK) xx ), 

and 

s-l s-l 

/- + E <,^ 2 - ! ( fl ]()a> + £ c^+^m^ 

i=2 i=l 

s-l s-l 



+ E <«sr^« + E ^d^b^dy 



i=0 i=0 

for some constants d s ^ d' s i; d"^ and c"". We will write 



s-l s-l 

... . :> lL 

i=0 i=0 



f s %f ■ E r' sl 9> + E 



We should note that L s has the same structure as L. As in the proof of Lemma 14.11 we 
construct a function v s G H d+2 (£~l) such that 

D a v s = D a (d s x u) on d b n for any |a| < d + 1, 

and 

IKIU +2) n<C E ll^ Q (d»||o,a^- 

\a\<d+2 

Similar to (|4.14p . we have 

,(d s x u-v s ) 2 (d x d y u - dyv s ) 2 ,_ s+ -, - /■ (f s -L s v s ) 2 



(4.20) / + ^-^) + - ^ s f) < C / 

Jn K K Jn 



K 



where C is positive constant depending only on inf a, \a\ C 2, \K\q2, |&i|ci, 1 62 1 o 1 ? I c l£°°> 
C b and Ck- We write 



s-l s-l 



fs - L s v s = f s + E KMn - Vi ) + E " Vi), 



i=0 i=0 
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where i>o, • • • , u a _i are constructed for u, • • • , d^T l u as u s for <9|«, and 

s-l s-l 

/, = - L sVs ) + ^ T' siVi + ^ r^«i- 

i=0 i=0 

This implies 

where C is a positive constant depending only on the C s -norms of aK, b\ , 62 and c. Note 

d l y fs = on d b f2 for i = 0, • • ■ , d — 1. 

Therefore, we get 

-- / |9 s J (8j:/ - l,i..)| 2 + £ / |flJ(r>,)| 2 + £ / laftOWi 2 

i=0 i=0 ^ 

s-l 

<c(||/|| 

i=0 

where C is a positive constant depending only on the C s+d -norms of aK, &i,&2 and c. 
For each i = 0, • • • , s, we have 

||vi||d+2,n < C X] H^^lloAfi 

|a|<d+2 

<C{\\<p\\i+d+2,d b n + WiPh+d+i&n + \\f\\i+d,d b n) 

<C(\\<p\\i+d+2,a b a + \\ip\\i+d+i,d b n + 

where C depends on the C l+d - norms of a, b\, 62, c and -fT. In summary, we obtain 

^2 as„, a „, \2 



Jn K K 
C[ hL [ K + K ) 



(1.21) <C (^ f Mu-Vj) 2 , {dydju-dyVj) 2 

i=0 

+ C'(lMls+d+2,d,,^ + IMIs+d+l,^ + ll/lls+d+l,n)' 

where C depends on the C s+d -norms of a,b\,b2,c and K. By a simple induction starting 
from ()4.17p . we obtain 

' ((a» 2 + (dyd^uf + {di +1 uf) 
<c(IMI 

All other derivatives of u of order s + 1 can be obtained from (|4.ip . □ 
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Now we prove the main result in this section. 

Theorem 4.4. For an integer m > 2, let a, 61,625 c and K be C m+d ~ 1 -functions in Cl 
satisfying g^j-g^) and 99 G H m+d+1 (<9 6 Q) , V G H m+d (d b n) and f G H m+d (n). If 
Ci((p,vp,f) holds for i = 1, • • • ,m + d — 2, then \4.1\ )- $Jfy admits a unique H m+d+2 (£l)- 
solution u and such a u satisfies 

(4-22) IM|m,n < C(\\ip\\ m+d +l,d b Q + \\^\\m+d,d b Q + ||/||m+d,n), 

where C is a positive constant depending on A, A, C b) Ck, Vo an d the C m+d ~ 1 -norms of 
0,61,62,0 and K . Moreover, if 0,61,62,0, K and f are H s (£l) and tp and if) are H s (d b fl) 
for any s > 1 and Ci((p,tp,f) holds for any i > 1, then u is smooth and satisfies \4-22ij 
for any m > 1. 

Proof. For a positive sequence e — > 0, we consider an equation of the following form 

(4.23) L £ u = u yy — a(K + e)u xx + b\u x + b 2 u y + cu = f e in Q, 
with the Cauchy data 

(4.24) u = ip e , u y = ip e on d b Q, 
where ip £ , ip £ and f £ are chosen so that 

<p e ^<p in H m+d+1 (d b n), *p £ ^ iP in H m+d (d b n), f e -> f in H m+d (Q), 

and 

Ci(ip £ ,tp e , f £ ) holds for L e for any i = 1, • • • , m + d — 2. 
We note that L £ in (j4T2"3"|) is strictly hyperbolic in fi. By Theorem (|T^3"|) - (j4T2Tj) 
admits a solution ii e G H m+d (Q). By Lemma 14.31 u e satisfies 

[|«s||m,n < Cdl^ellm+d+lAn + HV'e II m+d.^Q + ||/e||m+<Z,fi) , 

where C is a positive constant depending on A, A, C b , Ck, Vo an d the <7 m + c! - 1 . norms f 
a, 61, 62, c and K. We finish the proof by letting e — >• 0. □ 

5. Proof of Theorem 11.21 

In this section, we will prove a result of which Theorem 11.21 is a special case. 
We consider an equation of the following form 

(5.1) Lu = Uyy + aKu xx + biu x + 62% + cu = f in B2 C M 2 , 
where a, 61, 62, c and K are smooth in B 2 . We always assume 

(5.2) a > A in B 2 , 
for a positive constant A. Concerning K, we assume 

{if = 0} consists of two curves given by smooth functions y = 7i(x), 

(5.3) where y = 71 (x) is decreasing and y = 72(2;) is increasing and 
7i(0) = 0, 72(0) = 0, 7i(0)^7 2 (0)- 

By setting 

n±(x) = max{7i(x),7 2 (x)}, k 2 (x) = min{7i (x) , 72(a)}, 
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we note that K\(x) and K2[x) are smooth at any x 7^ 0, Ki(0) = and k\{x) > and 
K2(x) < for any x ^ 0. Obviously, y = Ki(x) and y = Kz^x) divide B2 into four regions. 
We denote by fi+ and the union of the two regions containing the x-coordinate axis 
and the y-coordinate axis, respectively. We further assume that 

(5.4) K > in fl+ and K < in f2_. 
Moreover, we assume that 

(5.5) Kl < C\\K y \ in 0_, 
and 

(5.6) \y — n{x)\ d < Ck\K(x, y)\ for any (x,y) G 0_, 

where is a positive constant and d is a positive integer. Concerning coefficients 61 
and c, we assume 

(5.7) |&i| < C b (y/K+ \K X \) in ft, 
for a positive constant C& and 

(5.8) c < in n + . 

We note that (I5.5P and (I5.6P are assumed only in and (|5.8j) only in f2 + . 

Now we explain briefly the roles of these assumptions. The curves y = 71 (x) and 
y = 72(3;) divide -B2 into four regions, in two of which (|5,ip is elliptic and in another two 
(|5.ip is hyperbolic by (|5.4p . For any one of the regions, the origin is an angular point. 
For any hyperbolic region, the part of the boundary containing the origin is space-like. 
The assumption (j5.7j) is the so-called Levy condition. It is needed in both elliptic regions 
and hyperbolic regions. The condition (|5.8p is used to ensure the existence of solutions 
of the Dirichlet problem in elliptic regions. The assumptions (|5,5p and ()5.6[) are needed 
to overcome the degeneracy in the hyperbolic regions. 

For equation (jl.2p in Theorem 11.21 we have K(x,y) = x 1 — y 2 , K\{x) = Kz{x] = 
— \x\ and d =2. 

We now present a result more general than Theorem 11.21 and only formulate it for the 
infinite differentiability. 

Theorem 5.1. Let 0,61,62,0 and K be smooth functions in B2 C M. 2 satisfying \5.2^i - 
\5. 8\) . Then for any smooth function f in B2, there exists a smooth solution u of \5. 1\) 
in B\. Moreover, for any nonnegative integer s, u satisfies 

(5-9) IMItf«(Bi) < c s 11/11 ff»+d+3(B 2 ), 

where c s is a positive constant depending only on s, X, Ck, Cf,, the C 1 -norm of ji, 
i = 1,2, and the C s+d+2 -norms of 0,61,62,0 and K. 

Proof. Throughout the proof, we denote by C s a positive constant depending only on s, 
A, Cft-, Cb, the C 1 -norm of 7^, i = 1,2, and the C s -norms of a, 61, 62, c and K. 

We first smoothen the corner of <9f2+ at dB2 and consider ()5.ip in Vt + . By Theorem 
12.11 there exists a smooth solution u of (|5,ip in Q + with u = on <9ft + . Moreover, for 
any integer s > 1, u satisfies 

(5-10) |M|tf»(n+) < C s \\f\\ H B+i {n+ y 
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By the trace theorem, we obtain 

(5-11) ^2 \\D a u\\ L2{dn+) < C s+1 \\f\\ 

\a\<s 

Next, we assume y = 1 intersects y = K\(x) for a positive x and a negative x va. B2. 
If not, we may extend K appropriately outside B 2 to achieve this. Now we set 

n_! = n_ n{o < y < 1}, 

and 

if = 0, ip = u y on c9f,Sl_i , 
where <9{,^_i is the lower portion of <9S7_i. We consider (|5.ip in with the Cauchy 
data 

(5.12) u = ip, u y = ip on <9fcf2_i. 

Since </3 and ?/> are boundary values of a smooth solution u in fj + , it is easy to check 
that compatibility conditions Ci(ip,ip,f) are satisfied for any i > 1 by Lemma 13.31 By 
Theorem l4.41 there exists a smooth solution u of (|5.ip in f2_i satisfying (|5.12p . Moreover, 
for any integer s > 1, u satisfies 

< ^s+dOMI-ff^+H^-i) + hl)\\H»+ d {dbn-i) + ll/ll/p+ d (n_i))- 
With (|5.1ip . we have easily 

IMI-H"*(n_i) < C m+d+ 2{\\f\\ H s+d+3(Q + -j + Il/H . 

A similar argument can be applied to 

f]_ 2 = n_ n {-1 < y < 0}. 

Therefore we obtain a function u which is a smooth solution of (|5.ip in fi+ n -Bi and 
0_ nB\. It is easy to see that u is smooth across c?S7 + n -Bi and especially at the origin. 
The estimate (|5.9p also follows easily. □ 

Remark 5.2. We also note that c < in I15.8\) can be replaced by c < e for e > 
sufficiently small. Refer to Remark \2.13[ 

The estimate (I5.9P is not sufficient for the iteration process when solving the nonlinear 
equations. For this, we need a stronger estimate. 

Theorem 5.3. Let a,b±,b2,c and K be smooth functions in B2 C M. 2 satisfying \5.2\) - 
\5.8\) . Then for any smooth function f in B2, there exists a smooth solution u of (f 5. 1\) 
in B\. Moreover, for any nonnegative integer s, u satisfies 

(5-13) IMItf«(Bi) < c s (||/||h«+"+3( Bi ) + A s ||/|| H d+3 (Bl) J , 

where c s is a constant depending only on s, X, Ck, C&, the C l -norm of i = 1,2, and 
where 

2 

As = lkll.zr«+<M-4(_ Bl ) + ^2 H^II# 3+<i+4 (-Bi) + ll c llff s + d + 4 (Bi) + \\ K \\H"+ d + 4 (B 1 ) + 1- 
t=l 
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We note that all estimates in Sections [2]H] are standard energy estimates. Hence, we 
obtain (|5.13p with the help of interpolation inequalities. We skip the details. 

6. Proof of Theorem 11.11 

In this section, we will prove a result of which Theorem 11.11 is a special case. 
Consider an equation of the following form 

(6.1) det(D 2 u) = K(x,y)ip{x , y, u, Du) in B\ C R , 

where K is smooth in B\ and ip is smooth in Si x R x R 2 . We always assume 

(6.2) ip>\ in B l x R x R 2 , 

for a positive constant A. Concerning K, we assume that K satisfies (|5.3|) - (|5.6|) , In other 
words, we assume 

{K = 0} consists of two curves given by smooth functions y = 7«(x), 

(6.3) where y = 71 (a;) is decreasing and y = 72(2;) is increasing and 
71 (0) = 0, 72(0) = 0, 7i(0)^7 2 (0)- 

By setting 

ki(x) = max{7i(x),7 2 (x)}, k 2 (x) = min{7i(x), 72 (x)}, 

we note that Ki(x) and k 2 (x) are smooth at any i/0, «i(0) = and K\(x) > and 
k 2 (x) < for any x ^ 0. Obviously, y = k\(x) and y = k 2 {x) divide B\ into four regions. 
We denote by and Q.- the union of the two regions containing the x-coordinate axis 
and the y-coordinate axis, respectively. We further assume 

(6.4) K > in ft+ and K < in n_. 
Moreover, we assume 

(6.5) Kl < C 2 K \K y \ in 
and 

(6.6) \y - n{x)\ d < C K \K{x,y)\ for any (x, y) G 0_, 

where Ck is a positive constant and d is a positive integer. 

We now point out the difference between the assumptions on K for (15. ip and (|6.ip . 
For linear equations having the specific form of (|5.ip . the conditions on K are assumed 
with respect to this particular coordinate system. However, the Monge- Ampere operator 
is invariant by orthogonal transformations. Hence, conditions on K for (|6,ip in this 
section are assumed in some coordinate system. 

We now present a result more general than Theorem 11.11 and only formulate it for the 
case of infinite differentiability. 

Theorem 6.1. Let be a smooth function satisfying \6.$fy and let K be a smooth 
function in B\ satisfying \6. 3\ )- [6^o]) . Then there exists a smooth solution u of \6. 1}) in 
B r for some r £ (0,1). 



A CLASS OF MIXED TYPE EQUATIONS 37 

The proof of Theorem 16.11 is based on Nash-Moser iterations. An important step in 
such an iteration process consists of appropriate estimates for solutions of the linearized 
equations. In the case of the degenerate Monge- Ampere equation (16. If) . the linearized 
equations are hard to classify. A crucial observation by Han [7] is that the linearization 
of Monge-Ampere equations can be decomposed into two parts, one of which has type 
determined solely by K and another which may be considered as quadratic error with 
respect to the iteration process. 

In the following, we denote points in M. 2 by {x\,X2) instead of (x,y) and write x = 
(x 1 ,x 2 ) £ M 2 . Set 

(6.7) F(u) = det(D 2 u) - Kip(x,u,Du). 

To proceed, we temporarily replace x £ M 2 by x € M 2 , replace tp by ip, and write di 
instead of d^. Then (16.70 has the form 

F(u) = det(D 2 u) - Kip(x,u,Du). 

All functions are evaluated at x. For e > set 

x, = e 2 x, 

and 

u(x) = -x 2 + e 5 w 
Now we evaluate F(u) in terms of w. Set 

F(w;e) = ^(w) = -P{u), 

or 

(6.8) F{w) = i{ det ((1 - 8^)8^ + ed ijW ) - Kip], 
where 

(6.9) ip(e, x, w, Dw) = tjj[e 2 x, \^e A x\ + e 5 w(x), e 2 (l — fe)^ + e 3 diw(x)) . 

Note that the arguments of ip are x, u and Du in terms of w in the x-coordinates. All 
known functions are evaluated at x = e 2 x. By taking e small enough, we may assume 
F{w) is well defined in B\ Cl 2 . Letting w = in (|6.8p . we have 

J"(0) = --Kip. 

By K = K(e 2 x) and K(0) = 0, there holds 

T(0) = £F o ( £ ,x), 

for some smooth function Fq in e and x. We also have 

ip(e, x, w, Dw) > A, 

for any x £ B±, any e small and any w S C°°{Bi). 

Now we discuss the linearized operator F'(w) of F at w. For convenience, we set 

= ((1 - 8 i2 )8 1 j + edijw). 
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A straightforward calculation yields 

(6.10) F'Wp = <\> ij <), lf > + aidip + ap, 
where is the matrix of cofactors of i.e., 

(6.11) $ n = ed 22 w, $ 12 = -ed 12 w, $ 22 = 1 + ed u w, 
and 

(6.12) a,i = di(e,x,w,Dw) = —£ 2 KdQ u ijj, a = a(e,x,w, Dw) = —e 4 Kd u ^. 
As in (16. 9h . 0q, u i/j and d u ip are evaluated at 

(e 2 x, \^ x \ + e 5 w(x),e 2 (l - 5 i2 )xi + e 3 diw(x)). 

Obviously, Oj and a are smooth in e, x, w and .Dw;. 
By (|6.8j) . we have 

(6.13) det($ ij ) = eF{w) + i^. 

It is not clear how K determines the type of the linear operator J-'(w) in ()6.10p . Next, 
we shall introduce a new coordinate system and rewrite (|6,10p . 

Lemma 6.2. For any e € (0, eo] and any smooth function w with \w\q2 < 1, there exists 
a transformation T : B\ — > T(Bi), smooth in e,x, D 2 w and D 3 w, of the form 

(6.14) x y = (yi(x),y 2 (x)) 

such that in the new coordinates y the operator J-'{w) is given by 

F'{w)p =a 22 dy 2V2 p+ (Kip + £j r (w))a\xd yiyi p 

(6.15) _ 

+ (b w K + b u d yi K + eb w F(w) + bnd yi (F(w))d yi p + b 2 d y2 p + cKp, 

where a\\,a 22 , b\Q, b\\, b\Q, bu, b 2 and c are smooth functions in e, y, w, Dw, D 2 w, 
D^w and D 4 w, with 

OK = l + 0(e) for i = 1,2. 
Moreover, for i = 1,2, y% = y%(x) in {6.11$ satisfies 

\yi ~ Xi\ < CE, 

and for any s > 

WHl^H* < C(l + \\w\\ H s+2), 

for some positive constant c. 

This is Lemma 2.2 in [7j for n = 2 (page 430). The proof for n = 2 is easy. We outline 
the proof for completeness. 

Proof. By (|6.11|) . we have 

(6.16) $ ij = S i2 S j2 + 0(s) for any 1 < i, j < 2. 
First, we set 

(6.17) y 2 = x 2 . 
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Next, we consider the following equation for y\ 

<$> l2 di Vl + $ 22 d 2 y 2 = 0, 

(6.18) , 

yi(xi,0) = x\. 

The coefficient of d 2 y\ is given by <I> 22 , which is not zero for small e. Hence for small e, 
(I6.18P always has a unique solution y\ in B\, smooth in e, x and D 2 w. Moreover, 

(6.19) yx{x)=x 1 + 0{e). 

Obviously, y = y(x) forms a new coordinate system. This defines the transformation T 
in flOU- 

In the new coordinates y, the operator F'iw) has the following form 

(6.20) F'{w)p = !>; ,<),!,,,,/> + bid Vi p + ap, 
where 

2 

k,l=l 

and 

2 2 
jfc,i=l k=l 

We now claim that 

(6.21) b n = ^det(^)(d iyi ) 2 , b 12 = 0, b 22 = § 22 , 



(6.22) &i = #i( — -T22 — + ^ afc5fcyi ' b 2 = a 2 . 



and 

9^ fc, = A f * 

$22 

fe=l 

To prove the claim, we note that the expressions for b 22 and b 2 follow from (|6.17p and 
those for bi 2 and bn follow from f|6. 18|) . To calculate b\, we have by (|6.16p 

2 

J2dk^ M = 0- 

k=l 

Then the first term in b\ in (|6.22p can be written as 

2 2 

£ ^ kl dkiyi = £ d k {$ kl d m ). 

k,l=l k,l=l 

Then the expression for b\ follows again from (I6.18p . 
By substituting (ROTT) and (IBT22D in (I6T201) . we have 

F'{w)p = $> 22 d y2y2 p + -L det(^)(d m ) 2 d yiyi p 



+ 



dl( de *_^ dxyx) + ^2a k d k yi ] d yi p + a 2 d y2 p + ap. 



$22 

fc=i 
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Recalling (lfU2l) . (16TT3D . (16T61) and (|6T9jh we conclude the proof. □ 
Next, we write J-'{w) in (|6.15p as 

2 2 

(6.23) J r '(w)p = C(w)p + eJ^iw) ^ a„<%p + e ^ (bjoT(w) + b ij d i (J : (w)))d j p ) 

i,j=l i,j=l 

where and fry are functions smooth in e, x, D 2 w, D 3 w and -D 4 to, and C(w) has the 
following form in T{B\) 

(6.24) £(w)p = a 2 2d y2 y 2 p + anKd yiyi p + (&iif + b 1 d yi K)d yi p + &2<9,, 2 p + oFTp, 

where an, 022, &i, b\, 62 and c are functions smooth in e, y, w, Dw, D 2 w, D 3 w and 
D 4 w. We point out that, in the new coordinate system (2/1,2/2) i n (|6.14p . the operator 
C{w) in (|6.24p has a special structure. Both an and 022 are positive and there is a 
factor of -K" in the coefficient of d yiyi p. Hence, the operator C(w) is elliptic if K > and 
hyperbolic if K < 0. We emphasize that the type of C{w) is determined solely by if and 
is independent of w, the function at which the linearized operator is evaluated. This is 
crucial for the iterations. Next, we note that the correction terms that were added in 
(|6.23p are quadratic in ^(w) and p, and their derivatives. Hence they can be relegated 
to the quadratic error in the iteration process, that is, they may be ignored when solving 
the linearized equation. 
By writing 

a 2 " 2 1 £(w)p = dy 2y2 p + —Kd yiyi p + —{biK + bid yi K)d yi p H — -d y2 p + —Kp, 

0.22 Q-22 &22 0,22 

we note that the coefficients in the right hand side satisfy (|5.2p - (|5.7p . (The notation 
here is different from that used in the previous section.) The coefficient of p may not 
be nonpositive. However, it is small as K = K(e 2 x) and K(0) = 0. By Theorem 15.31 
and Remark 15.21 for any smooth function / in B\ and any e > sufficiently small, there 
exists a smooth function p in B\ such that 

£{w){poT- l ) = foT- 1 inT(fli), 

where T is the transformation given by (I6.14p . (In the following, we abuse notation and 
simply write C(vu)p = f in B\.) Moreover, if ||u;||^4( Bl ) < 1, then for any nonnegative 
integer s 

(6.25) |H|£P(B0 ^ °s (ll/ll#»+d+3(Bi) + (IM|tfH-<H*(B0 + ^ll/lli^+^Bi)) » 

where c s is a constant depending only on s, A, Ck, the C 1 -norm of 7^, i = 1, 2 and the 
^p+d+8_ norm Q £ Here, we use the fact that an, 022, b\, 62 and c are functions smooth 
in e, y, w, Dw, D 2 w, D 3 w and D 4 w. 

The proof of Theorem 16.11 is based on Nash-Moser iterations. A general result for 
the existence of local smooth solutions is formulated in [8]. (Refer to Theorem 7.4.1 on 
page 130 [8].) However, the linearized equations of (|6.ip do not satisfy the condition 
listed there. Specifically, solutions of the linearized equations of (|6.ip do not satisfy 
the estimate (7.4.5) in [Sj. As we have discussed, the linearization of Monge- Ampere 
equations can be decomposed into two parts, one of which can be used to form a linear 
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equation whose solutions satisfy the estimate (7.4.5) in [8] and another which may be 
considered as quadratic error. Therefore the iteration process in the proof of Theorem 
7.4.1 can be performed. We now outline the proof. 

Proof of Theorem 1 6. 1\ Now we can use iterations to solve J-(-,e) = for e sufficiently 
small as in the proof of Theorem 7.4.1 on page 130 [8]. The estimate (|6.25p plays the same 
role as (7.4.5) there. We begin the iteration by setting wo = 0. Then wg is constructed 
by induction on t as follows. Suppose wo,wi,--- ,W£ have been chosen. Let pi be a 
solution of 



where {Sg} is an appropriately chosen family of smoothing operators. We point out that 
(|6.26p replaces (7.4.8) in [8]. We may proceed as in the proof of Theorem 7.4.1 [8] with 
minor modifications. By Taylor expansion and (|6,27p . we have 

= J r '(w e ){w i+1 - wt) + Q(wf, w i+1 - wt) 
= F'(wi)(S£pi) + Q(w e ; S e p e ) 

= C(w e )(Sipi) + (T'(wi) - C(we))(SiPi) + Q(wf, Stpt) 

= £{wi)pi + C(w e )(Se - l)pi + (F'iwi) - £(wi))(Sepi) + Q(wf,S e pi), 

where Q{wg; Sgpg) is the quadratic error. Then (7.4.23) on page 133 of [8] may be modified 
accordingly. We point out that, by (|6.23j) and (|6.24p . the difference of F' (wi)(Sipi) and 
C{wg)(Sgpg) consists of quadratic expressions in F(wg) and Sipi, and their derivatives, 
which may be estimated in a way similar to Q(w£] Sipi). The rest of the proof is the 
same as that of Theorem 7.4.1 [8], and is therefore not included here. □ 
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